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We show that tunneling involving bosonic wires and/or boson integer quantum Hall (bIQH) edges 
is characterized by universal features which are absent in their fermionic counterparts. Considering 
a pair of minimal geometries, we find a low energy enhancement and a universal high versus zero 
energy relation for the tunnel conductance that holds for all wire/bIQH edge combinations. Features 
distinguishing bIQH edges include a current imbalance to chemical potential bias ratio that is 
quantized despite the lack of conductance quantization in the bIQH edges themselves. The predicted 
phenomena require only initial states to be thermal and thus are well suited for tests with ultracold 
bosons forming wires and bIQH states. For the latter, we highlight a potential realization based on 
single component bosons in the recently observed Harper-Hofstadter bandstructure. 
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Tunneling setups are valuable probes of quantum mat¬ 
ter with a scope that includes detecting strong correlation 
features, e.g., the suppression of tunneling in electronic 
quantum wires[lj; topological aspects, e.g., zero bias fea¬ 
tures of Majorana fermions@,0; or even the combination 
of these, e.g., universal exponents and fractional charge 
for fractional quantum Hall (FQH) edge modes 0. 

Most past work has focused on fermionic systems. 
Bosonic systems, however, are now attracting much inter¬ 
est, both due to theoretical predictions of novel, nonfrac¬ 
tionalized, symmetry protected topological (SPT) phases 
Si, and experimental progress on ultracold atom sys¬ 
tems such as the measurement of particle conductance [?} 
and the creation of topological bandstructuresfl, H}. 

In this Letter, we show that bosonic tunneling has 
striking universal features. Analyzing a variety of setups 
(Fig. □, we find that the tunneling conductance, in all 
cases, is enhanced towards low energies, with the high 
and zero energy behavior being set by a single parameter. 
The T-junctions and quantum point contacts (QPCs) of 
Fig. [1] are the minimal setups admitting both boson wire 
and boson integer quantum Hall (bIQH) edge[(l[lo[ sub¬ 
systems: they provide both topological and nontopolog- 
ical paradigms for bosonic nonfractionalized tunneling. 
The conductance features we find hold for all wire/bIQH 
edge combinations, and only require wires/bIQH edges 
being clean and wires to have short range repulsive inter¬ 
actions, conditions naturally met with ultracold atoms. 


This extent of the universality notwithstanding, we 
also show that the the topological nature of bIQH edge 
modes has clear tunnel transport signatures. The bIQH 
features we find include a current imbalance to chemical 
potential bias ratio quantized as ^ Ip = ^ at low energies 
in a QPC setup (ggZ sets the bulk Hall conductivity, 




llj). This quantization is remarkable given that 


clean bIQH edges lack conductance quantization [hi, |73j]. 

It is instructive to compare our findings to their 
fermionic [lj] and fractionalized 0 analogues and to a 



FIG. 1. Sketch of the tunneling setups and conductance. Left: 
T-junction. The lower ( l ) subsystem is a half-infinite wire, the 
upper (u) is a bIQH edge or a wire (or a spurious wire-like 
edge of a nontopological phase fTH). Shading indicates the 
two-dimensional (2D) bulk. Middle: QPC with bIQH edge or 
wire (wire-like) subsystems. Our results also hold for the “in¬ 
verse QPC” with the 2D bulk between the subsystems. Right: 
conductance versus low energy cutoff E (e.g, temperature, 
Mbias) ■ A < 1, A' > 1 are interaction dependent parameters. 
When A' ^ the Hall conductivity also enters A'. 


q = 1 bIQH result [13]. The enhancement we find is in 
stark contrast to the suppression for repulsive (and, for 
QPCs, also attractive) fermions and fermion/boson FQH 
edges in the same geometries. The contrast is also salient 
between hard-core bosons and free fermions: while they 
are very similar in ID, tunneling, just at a point, is al¬ 
ready away enough from a pure ID setting for bosonic 
tunneling enhancement to replace the energy indepen¬ 
dent free fermion behavior. A similar enhancement, char¬ 
acterizing q = 1 bIQH QPCs, was highlighted in Ref. [13 ■ 
Our results show that this is part of a universal behavior 
that arises for any q and also for wires (or nontopological 
wire-like ID inodes). Regarding SJp , it is interesting to 
note that it is not quantized in fermionic integer quantum 
Hall QPCs: due to the chirality of the edge modes it is 
instead given by the (nonuniversal) tunnel conductance. 


We now turn to the analysis underlying our results. 
BIQH states are 2D SPT phases protected by particle 
number conservation; they support a pair of counter- 
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propagating edge modes. Wires also respect this sym¬ 
metry and have a pair of counterpropagating modes. 
This allows describing the two systems on the same foot¬ 
ing using the K-matrix formulation developed for FQH 
systems [151]. The Hamiltonian of an edge or a wire is 


Jis f 

— “7 j dx '} ' &x4*j (1) 

77 J jk 

where are two bosonic fields satisfying [ 1 , [Ici 

4>k (y)\ = inK-,}sgn(x - y ), K = (2) 

with o i the first Pauli matrix. In Eq. 0 , V is a sym¬ 
metric positive definite matrix encoding the details of the 
confinement (or bandstructure in the wire case) and in¬ 
termode interactions. The particle density (relative to a 
background value) is given by n p (x) = 3 - q r d x 4)(x ), with 
the integer vector q T = (1, q). The key difference be¬ 
tween wires and bIQH edges is in q: q = 0 for the former 
while q ^ 0 for the latter [5|. This distinction also leads to 
different operators creating/removing a given number of 
particles (or “charge”). We have ip\( x ) ~ e -lA ^ with an 
integer vector A, creating charge Q\ = q T AT _1 A. Note 
that Q x is integer; the theory has no fractional quasipar¬ 
ticles. In the bIQH cases, without loss of generality we 
assume q > 0, and take V\\ < V>o . While the latter is 
an immaterial choice for q = 1I16|. for q > 1 it follows 
from requiring the dominant edge mode interaction to be 
through the particle density. 

For wires, the reflection symmetric [TtI Vi 2 = 0 
case gives the usual Luttinger liquid with den¬ 
sity n p (x)=- 1 ^ 1 , phase <f> 2 , and Luttinger parameter 

g=\■ For the short range repulsive interactions 
we consider we have g> 1 , with g = 1 being the hard-core 
limitjl71]. In T-junctions, for the half-infinite wires end¬ 
ing at £ = 0 we have (j)i{x— >0) = o[ls|. For the wire-like 
nontopological cases in Fig. [Q V\i ^ 0 will be allowed. 

The tunneling between the upper (it) and lower ( l ) 
subsystems is implemented by the coupling 


H t = 


t\ u \ t e^^-^^’l+hx. 


(3) 


A „,A( 


with the charge conservation constraint Q\ u + Q\ l = 0 
and the fields taken at x = 0. Treating H t as a perturba¬ 
tion, the relevance of the different terms upon lowering 
the energy scale is determined by their scaling dimension 
A\ u \under a renormalization group (RG) elimination 
of the window (A%Do) below the bare high energy cut¬ 
off D 0 , the couplings flow as f a!! a b 1 ~ Axu ' x ‘. 

(Do is set, e.g, by the background density for wires, or 
the gap for bIQH states.) We have A\ u ,x t = A\ u + Aa, 
where Aa is the scaling dimension of an e ±lX ^ factor 
in Eq. ©• For the end of a half infinite wire this is 

q2 

Aa = while for a bIQH edge or the bulk of a wire 



FIG. 2. Mapping T-junctions and QPCs to linear junctions. 
Diagram (a) shows the unfolding for linear junctions; dia¬ 
grams (b) and (c) show the transformations for T-junctions 
and QPCs. Dashed lines indicate the decoupled modes. 


Aa = 


^a = l\l vyT^I f f v/ tSWA - gAi) 2 . The dominant 
term (with the smallest A\ u ,x, ) is the single particle pro¬ 
cess H to = to exp[i(</> 2 ^ — 02 ^)]+h.c.. The scaling dimen¬ 
sion A = A^ 


and A = \ 



+ for T-junctions, 


for QPCs. Importantly, 


A < 1: the coupling increases under RG as the energy 
scale is lowered. This translates to the high energy tail 
of the conductance enhancement announced above (see 


also Fig. □). G ~ D 2 ( a_1 ) for E » E* = D 0 


liTi 

Do 


where E is the infrared cutoff, e.g, temperature T or bias 
Tobias- (The power laws here and below hold for E much 
larger than other infrared energy scales.) 

That the high energy conductance has the same 
schematic form for all junctions is just a consequence of 
Fermi’s golden rule. It is less expected that, in all cases, 
A also sets the zero energy limit, G = We now es¬ 
tablish this result, assuming that the zero energy physics 
is governed by H to at strong coupling. 

The key observation is that with H to only, we can relate 
our setups to a junction between two half-infinite wires 
(see Fig. [2]). In that case, A = A- + and G = fol¬ 
lows from results pl[l9j] on fermion Luttinger liquids with 
A < 1, upon observing that the wire Hamiltonian, the 
tunnel coupling and the correlation functions (current- 
current correlators calculated, e.g., in the lower subsys¬ 
tem) underlying G at zero energy are defined by the same 
expressions in the boson and (bosonized) fermion cases. 
Another useful viewpoint is one where the left and right 
moving modes of half-infinite wires are unfolded [H} so 
that the junction consists of two right movers c/on 
the full line, coupled at x = 0. In terms of these, the wire 
Hamiltonians are = hv ^ ] J dx{d x (f >^’^) 2 , with 

[4>r {y)] = iir8 jk sgn.(x - y), and the coupling is 

H to = to exp[*( v / 2A tl 0^ l) - a/2 A i^)\ + h.c. 

Turning now to T-junctions, one can flip the left mover 
component on the u (bIQH or wire) side and rescale x 
to formally treat q^ as the combination of two right 
movers with the same velocities. One can then introduce 
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this combination as a new right-mover field c/>^ (and the 
orthogonal combination as (f>^,$). In terms of these, the 
u side Hamiltonian is h[^ = %%J2 a =i, 2 f ^(<9x^2 ) 2 , 
with [ 0^2 (z), <^3 (j/)] = i^S a/ 3 Sgn(x - y ), and the cou¬ 
pling is H to = t 0 exp[*(v / 2A ti ^ 1 ' 1 — v^Az^jj+h.c where 
(j>^ is the unfolded right mover on the l (half-infinite 
wire) side. The field <j>^ decouples. From the l side, 
the u side is seen as another half-infinite wire with Lut- 
tinger parameter set by A„. Calculating the zero energy 
conductance from l side current-current correlators, we 
therefore find G = Aj (with A for the T-junction). Of 
course, the conductance should be the same if it is cal¬ 
culated from u side correlators. This immediately shows 
that G = A also holds for QPCs: performing now the 
same steps on the l side, from the perspective of the u 
side a QPC looks the same as a T-junction with the l 
side Luttinger parameter set by A;. This completes our 
proof that G = A holds for all junctions at zero energy. 

The analysis of the low energy behavior is completed 
by considering the scaling dimensions A' of perturba¬ 
tions near strong coupling. These are obtained taking the 
x —> 0 limit of charge conserving operators, subject to the 
boundary condition implied by to ~t oc [iSl |20|. Starting 
with linear junctions, for completeness, the leading per¬ 
turbation has A' = -g-. For T-junctions we also find 

A' = -^ unless 7 = satisfies gi — \/gf — q 2 < 7 < 

9i + Vd 1 - < 7 2 (for gi> q), in which case A' = q '"^+g-) 91 ■ 
For QPCs, taking the same interactions on the u/l sides 


A f _ 3+A q 

^ — 4A 


for brevity, we find A' = for - < wpjj < 1 and 


Q " V V22 

for < q (with i = 00 for q = 0). 

Importantly, for the interactions we consider A' > 1: the 
strong coupling fixed point is stable. (This also holds 
for QPCs with unequal u/l side interactions.) The di¬ 
mension A' governs the corrections to the zero energy 
conductance, SG ~ E 2 ( A -1 ) (E -C E*). It is interesting 
to note that for g u = gi boson wire T-junctions and QPCs 
the low energy G als o ag rees with that of multi-junctions 
of semi-infinite wires [21| and fermionic topological Kondo 
systems [ 20 ] related to them by bosonization. 

The possibility of a power law SG ~ E 2 ^ _1 - ) with 


A' ^ is the first feature that may be used to detect 
bIQH edge modes via tunneling: if such a A' is measured, 
q can be extracted from it using A for a symmetric QPC, 
or A and gi for a T-junction, with A given by G at zero 
or high energy, and gi obtained[l7j either via data on the 
microscopic l side interactions, or measurements, e.g., of 
l side density correlations. Note that in T-junctions, l 
side interactions can always be tuned to reach A' ^ 
While this is already a well defined bIQH feature, as 
we explain below, tunneling setups also provide signa¬ 
tures that are more qualitative. By solid-state analogy, 
the Hall resistance Rh in a four terminal arrangement 


would be a natural candidate. With cold atoms, however, 
measuring the Hall voltage Vh and having thermalized 
edge modes for its clear interpretation may be challeng¬ 
ing. Surprisingly, even if these issues are resolved, Rh 
turns out to vanish for a clean edge at zero temperature 
due to H to remaining the only coupling: firstly, due to 
Eq. ©, H to tunnels only into mode <j>i, thus measur¬ 
ing Vh probes gi (where g : j is the chemical potential 
of mode j ) and the cj >2 current satisfies d x J 2 = 0 in a 
steady state. Secondly, in a thermal state we have[ 2 ^ 
J 2 = gi/h. Therefore, g± is constant along the whole 
edge, implying that Vh and thus Rh vanishes. 

In fact, the observation that H to tunnels only to (j) 1 
explains all the bIQH-boson wire similarities we encoun¬ 
tered: if tunnel junctions are the only sources of data 
(e.g., via G or as voltage probes) one effectively probes 
only the <j>\ component of q which is q independent. 
A bIQH state being a Hall system, a transport current 
should however, regardless of details, induce some charge 
density Sn p and current SJ p imbalance between opposite 
edges which should be q dependent. Not requiring volt¬ 
age detection, nor thermalized edges, these observables 
are natural alternatives to Rh for cold atom settings. As 
we now show, tunneling setups are particularly advan¬ 
tageous for measuring Sn p and SJ p as nonuniversalities 
due to edge mode interactions can be eliminated using 
A (and gi in T-junctions). The key quantities are sum¬ 
marised in Fig. [3] The equations of motion relate the 
currents J and densities n = of the two edge modes 
as J = K~ X V nfUl. When H to dominates, in a steady 
state we have d x J\ = IS(x) and d x J 2 = 0 up to small 
corrections. Integrating across the contact we find 


Sn„ 


2ur 


2v l 


(4) 


for the charge imbalance Sn p = n Pt R — n Pt L between 
right/left edge segments. Here v R / L = \fVviVx 2 ± V 12 
are the velocities of right/left movers, measuring which 
should be feasible in cold atom experiments [23|. The de¬ 
viation of Sn p from 4 (v p 1 — v// 1 ) is a qualitative bIQH 

signature. In a T-junction we have = 2A — g// 1 

thus q can be extracted from using vr/l, A and g/ . 
Eq. d4]) can be also derived using an intuitive picture 


noting that Qr/l = 


is the charge of right/left 


moving solitons that arise due to injecting unit charge 
into <pi (i.e., a single H to transport event). Identifying 
/ as the injection rate, n Pt R/R = ^ / is the charge 

density to the right/left of the contact, thus explaining 

„(«/<) 

Eq. (|3|). Measuring p ’f ' L , vr/l and A, one can also ex¬ 
tract q using a QPC. QPCs however also provide a more 
elegant option via the current J Pi l/r = VL/Rn p ^/R. In 
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FIG. 3. Charge densities n Pt R/R an d currents J p ,r/l under¬ 
lying predictions Eqs. Q and (fojl . We measure n pR / L and 
Jp,R/L relative to their equilibrium values at The right 

moving direction (R arrows) is taken relative to the Hall state 


chirality. For SJ P = J p ^ —J p ^ L we find 


t(0 


sj 0 


= r at low ener- 

M bias h 

gies. The intuitive picture is in terms of charge Qr/2 solitons. 


terms of SJ p = J ^ — J^ L we find = 5 A or simply 


SJ P 

/^bias 


Q 

h' 


(5) 


the quantization announced above, which holds at low 
energies, up to small power law corrections. Note that 
Eq. |(5j| does not require a symmetric QPC. 

We close with some considerations on testing our pre¬ 
dictions in ultracold atomic systems. Our results re¬ 
quire a steady state but only need initial states to be 
thermal. One can therefore envisage testing them in a 
scheme inspired by Ref. [?: with H t off, preparing the u 
and l subsystems with a small /zbias between them and 
then turning H t on to let the full system evolve. In the 
steady state, we expect [i3| I = G[max(T, bias for 
Mbiasj min(T, ^-) <C ma x(T,f-), where t s is the steady 
state duration. The imbalance 5n p can be measured by 
standard methods for detecting particle density. The re¬ 
cent demonstration of detecting local lattice currents |25j 
also provides prospects for observing SJ P . 

The Sn p and 5J P predictions require a bIQH realiza¬ 
tion. This was originally proposed [l^ and later nu¬ 
merically demonstrated [261] for two-component bosons 
in the lowest Landau level. Lattice systems of current 
experiments]^, jgj, however, may provide a bIQH op¬ 
tion already with single-component particles. This is 
easiest seen for 5 = 1 : K = o\ and q = (1,1) is in 
the composite fermion series[27] for bosons in a periodic 
potential]^, [29j], corresponding to the case when com¬ 
posite fermions fill bands of total Chern number \C\ = 2 
(as K is 2x2) and bind a single flux quantum [trans¬ 
forming K o = —12 of filled bands of Chern number -2 to 
K = — l 2 +(i j 11 11511. Interestingly, this state was nu¬ 
merically observed [29| in an FQH study of the Harper- 
Hofstadter model, provi ding the earliest instance of a 
bIQH state (see also Ref. [30). FQH results on the same 
model also suggest that well defined edge modes may be 
possible under realistic conditions[3l|. The cold atom 
realisation of the Harper-Hofstadter bandstructurc [§} is 


thus particularly promising from the bIQH perspective. 
Recently, bIQH states were also predicted in optical flux 
lattices]^ and in models with correlated hopping(33]. 

In conclusion, we have shown that bosonic nonfraction- 
alized tunneling displays emblematic universal features. 
Tunneling is enhanced upon lowering the energy, with 
the high energy power law G ~ i<; 2 ( A_1 ) tied to the zero 
energy limit G = This universal relation holds for 
all the interactions and geometries we considered, and is 
valid regardless of the topological nature of the modes. 
While wires and bIQH edges are thus remarkably similar 
as far as the tunneling conductance is concerned, we have 
also shown how bIQH states are revealed in tunneling 
transport via low energy power laws, the charge imbal¬ 
ance Eq. ffl, and the quantization f. Our predic- 

tions, requiring only initial states to be thermal, are well 
suited for cold atom experiments, where, as we noted, 
there is progress towards concrete bIQH host bandstruc- 
tures. It will be interesting to explore generalizations of 
our results to other SPT phases. 
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